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Abstract 

We show that a prominent counterexample for the completeness of first order RUE-resolution 
does not apply to the higher order RUE-resolution approach ERUE. 



Bonacina shows in [BH92| that the first order RUE-NRF resolution approach as introduced in |Dig79 



DigSl IDH86j is not complete. The counterexample consists in the following set of first order 
clauses: 

{g{f{a)) = a,f{g{X))^X} 

Here X is a variable and /, 5 are unary function symbols. It is illustrated in |BH92| that this 
obviously inconsistent clause set cannot be refuted in the first order RLE-resolution approach of 
Digricoli. 

The extensional higher order RUE-resolution variant ERLIE has been proposed in [Ben99bl 
IBen99a] and completeness is analyzed in |Ben99a| . An interesting question is whether the above 
example is also a counterexample to the completeness of ERUE. The two ERUE refutations presented 
below illustrate that this is not the case. 

We do not present the ERUE calculus here and instead refer to |Ben99bl IBen99aj . In the 
following we consider {A ^ B) as shorthand for {A /\ B) y {-^A A -^B). We furthermore use 
the [. . and [. . -Y -notation of [Ben99aj to denote positive and negative literals. Terms are 
presented in the usual first order style notation, i.e. we write g{f{a)) instead of {g (/ a)) as done 
in [Ben99bl IBen99a| . The decomposition rule employed in the refutations below is 

C V [/lA^ = hWY 

Dec 



cy[A^ = v^Y V . . . V = v^Y 

The reader might be more used to this form of decomposition than to the one employed in [Ben99bl 
IBen99aj . Compared to the latter the above rule Dec also shortens the presentation. The decom- 
position rule employed in |Ben99bl IBen99aj is more general, i.e. rule Dec above is derivable in 
calculus ERUE. 

The first refutation in ERUE presented below (which has been suggested by Chad Brown) 
employs a flex-rigid unification step [FlexRig) in the very beginning. In this key step variable X 
is bound to an imitation binding that introduces / at head position. The rest of the refutation is 
then straight forward. 
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The second refutation shows that there are alternatives to the flex-rigid unification step for 
variable X at the beginning. The key idea now is to derive the positive reflexivity literal [/(a) = 
f{a)Y in clause Cig. While positive reflexivity literals cannot be derived in flrst order RLE- 
resolution, our example shows that this is (theoretically) possible in ERLIE for some symbols and 
terms occuring in the given clause context, like f{a) in our case. 

We now present both EMJE-refutations in detail. / and g are still unary function symbols, 
while X is a variable. H and Y are freshly introduced variables. 

Refutation I 





Ci 


W{a))=af 




C2 


[f{g{X))=Xf 


FlexRig{C2) ■ 


C3 


[f{g{X))=Xfy[X = fiH{X))] 


Solve{C^) : 


C4 


[f{g{X)) = f{H{X)r 


Dec{CA) : 


C5 


[g{X) = H{X)f 


Res{Ci,C^) : 


Ce 


Mf{a)) = a) = {g{X) = H{X))Y 


Dec{C^) : 


C7 


[gifia)) = giX)f V [a = H{X)f 


Dec{Cj) : 


Cs 


[/(a) = Xf V [a = HiX)f 


Solve{Cs) ■ 


C9 


[/(a) = f{a)f V [a = i/(/(a))]^ 


Triv{CQ) : 


Cio 


: [a = H{f{a))f 


FlexRig{Cio) 


Cii 


: [a = H{f{a))f V [h = XY.af 


Solve{Cii) : 


C12 


: [a = af 


Triv{Ci2) •■ 


[] 





Refutation II 













C2 : 


[fig{X))=Xf 




Res{Ci,C2) ■ 


C3: 


Mf{a)) = a) = ifigiX)) = X)f 




Equiv{C3) : 


C4: 


Mfia)) = a)^ {f{g{X)) = X)f 




n X Cnf{C4) : 


Cs: 


[gifia)) = af V [figiX)) = Xf 






Ce: 


[gifia)) =afy[f{g{X))=Xf 




Res{Ce,Ci) ■ 


C7: 


[igifia)) =a) = (^(/(a)) = a)f V [/(^(X)) = 


Xf 


Dec{Cj) : 


Cs-- 


[/(a) = fia)f V [a = af V [figiX)) = Xf 




TriviCs) : 


Cg: 


[fia) = fia)f V [figiX)) = Xf 




Fac{Cg) : 


Cio 


: [fia) = fia)f V [(/(a) = /(a)) = (/(^(X)) = 


X)f 


Triv{Cio) ■ 


Cu 


: [(/(a) = fia)) = (/(^(X)) = X)f 




Equiv{Cii) 


C12 


■ [(/(a) = fia)) ^ ifigiX)) = X)f 




n X Cn/(Ci2) 


Cl3 


■.[fia) = fia)fv[figiX)) = Xf 






Cu 


: [fia) = fia)f V = Xf 




i?es(Ci3,C2) : 


Cl5 


: [/(a) = fia)f V [(/(^(X)) = X) = ifigiX')) 


= X')] 


Dec{Ci^) : 


Cl6 


: [fia) = fia)f V [figiX)) = figiX'))f V [X 


= x'f 


Solve{Ci&) : 


Ci7 


: [fia) = fia)f V [figiX')) = figiX'))f 




Triv{Cn) : 


C18 


■ [fia) = fia)f 




Res{C2,Ci8) : 


Cl9 


■.[ifigiX))=X) = ifia) = fia))f 




Dec{Ci9) ■ 


C20 


: [figiX)) = fia)f V [X = fia)f 




Solve{C2o) ■ 


C2I 


■■ [f igifia))) = fia)f 




DeciC2i) : 


C22 


■ [gifia)) = af 




Res{C22,Ci) ■ 


C23 


: [igifia)) = a) = igifia)) = a)f 




Triv{C23) ■ 


C24 


■■[] 
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The above refutations are admittedly non-trivial. For this particular kind of problems paramod- 
ulation therefore seems to be a more appropriate approach. However, we suggest a more thorough 
analysis to sufficiently clarify this question for the higher order case. 

Acknowledgment: I thank Chad Brown, CMU, Pittsburgh, USA, for his comments and con- 
tribution. 
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